In the formal theory of ferromagnetic anisotropy the magnetic energy of a crystal is ex pressed in terms of the magnetic field strength and the angles between the easy directions of magnetization and the field and magnetization vectors respectively. Although the mag netization curves of single crystals are in good agreement with this theory as regards the components of magnetization parallel to the field, this is not true of the transverse component. In this paper the treatment is considered with special reference to the transverse component for the planes (100), (110) and (111). According to the existing theory the transverse com ponent should increase as the field strength diminishes whereas the experimental results show that it becomes zero in very weak fields.
( < Communicated by E. C. Stoner, F . -Rece In the formal theory of ferromagnetic anisotropy the magnetic energy of a crystal is ex pressed in terms of the magnetic field strength and the angles between the easy directions of magnetization and the field and magnetization vectors respectively. Although the mag netization curves of single crystals are in good agreement with this theory as regards the components of magnetization parallel to the field, this is not true of the transverse component. In this paper the treatment is considered with special reference to the transverse component for the planes (100), (110) and (111). According to the existing theory the transverse com ponent should increase as the field strength diminishes whereas the experimental results show that it becomes zero in very weak fields.
To account for this a simple treatment is here developed which covers the whole range of field strength. The directions of magnetization of domains are treated as distributed con tinuously in angle, rather than as restricted to a limited number of particular directions. By assuming that the proportion of the volume of domains magnetized in any direction is larger the lower the energy of magnetization in that direction, reasonable agreement with the experimental results is obtained.
Although the distribution assumed is of the Boltzmann type, the energy of distribution is not of thermal origin and its value is very much greater than kT. It is likely that the dis tribution is due to internal stresses or lattice im perfections.
The observations by Honda & Kaya have been newly corrected for demagnetization as regards magnitude and angle. The discussion is restricted by the errors in the experiment owing to demagnetization, non-uniformity of magnetization and preparation of the crystals.
I n t r o d u c t io n
When a ferromagnetic single crystal is magnetized by a uniform magnetic field the direction of the magnetization is in general different from th at of the field. With a given small field the crystal is most easily magnetized in certain directions, called directions of easy magnetization. The angle between field and magnetization vanishes for these directions in the crystal. The easy directions for body-centred cubic iron are the cube edges [100], for face-centred nickel the cube diagonals [111] , and for the cobalt hexagonal prism the prism axis [0001] .
The facts th at such easy directions exist and th at in ferromagnetics exceptionally large magnetizations are observed in very weak fields are explained by the domain theory of Weiss (Stoner 1934; Bitter 1937; Bates 1939; Becker & Boring 1939) . Domains are small regions spontaneously magnetized to saturation containing on the average between 101 * * * * * * * * 10 * * * * and 1015 atoms; in general there is a large number of domains in a single crystal so th at its structure can be regarded as homogeneous. The spontaneous magnetization has been shown to originate from electron spins which are alined by exchange forces (Heisenberg 1928 (Heisenberg , 1931 . The reason why spontaneous magnetization is confined to small regions is not quite clear. I t has r 464 ] 465 been proposed, for instance, th at the demagnetization field of a domain is one of the factors responsible for limiting its size (Becker & Doring 1939; Stoner 1944 ), but internal stresses also have a pronounced effect on the size of domains.
In an unmagnetized substance-according to this picture-the directions of magnetization of the domains are assembled along the axes of easy magnetization in such a way th a t the resultant magnetic moment of the substance is zero. In moving from one domain to a neighbouring one, a region is passed through where there is a more or less steep change of directions of spins; this region is generally termed a wall or boundary. The application of a small external field causes the spins at the boundary to turn so th at one domain grows at the expense of its neighbour. This displacement of the boundary, known as a translational process, causes the domains to become magnetized, in general along the easy direction which is nearest to the field. As these changes of magnetization are only from one easy direction to another, without intermediate positions of equilibrium, it follows th at the trans lational processes are associated with a turning of the spins through a large angle, 90° or 180° in the case of iron. These changes produce the Barkhausen effect when a large number of spins are affected, as a boundary moves spontaneously from one position of equilibrium to another.
If the field is along an easy direction, saturation magnetization is obtained in a very weak field; it is, however, still uncertain whether an ideal crystal would be saturated by an infinitesimal field. If the field is in another direction, it is observed th at saturation to the same intensity can still be obtained if only a sufficiently strong field is applied. This makes it necessary to assume that under these conditions a gradual turning of the spins from an easy direction towards the field direction takes place; this is known as a rotational process.
As the translational processes are completed in a weak field, the magnetization of the crystal may be represented in all but the weakest fields by a vector of magnitude equal to the saturation intensity. This vector thus lies for a small field in the easy direction nearest to the field; with increasing field the vector rotates towards the field direction reaching it at infinite field strength. We shall show in §2 how the position of the vector for any given field is computed from energy considerations.
By the use of what will be called the ' single-vector treatm ent' indicated above it is possible to calculate the angular variation of the intensity of magnetization as a function of the field strength. The results may be conveniently expressed by resolving the magnetization vector I0 into components parallel to the field and \ n normal to the field.
Investigations on single crystals of ferromagnetic substances reveal agreement between the results of this treatment and experiments as far as the dependence of l p on the direction and strength of the field is concerned, but only for fields of more than about 100 oersteds. For more moderate fields this theory does not meet with the same success. Again this theory explains the observations of the transverse component In in strong fields of more than about 1500 oersteds, but it fails com pletely in moderate and small fields. As lp and l n are only components of the same vector, a good agreement of Ip alone can only be superficial, and the failure to explain the observations of In points to a fundamental weakness in the current theory.
The weakness of the single-vector treatm ent arises from the fact th at the effects of domain structure are ignored. Such a structure must, however, be assumed to account at least qualitatively for the initial part of the magnetization curve in which translational processes take part. A treatm ent applicable to moderate fields must therefore employ a concept in which translational as well as rotational processes are involved.
I t is the aim of this paper first to compute by the existing treatm ent the angular relation between the transverse magnetization and the field strength in greater detail than has hitherto been done for moderate fields; secondly, to develop an elementary treatm ent which gives better agreement with experiment in the range of moderate fields. Hysteresis effects will be excluded.
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S i n g l e -v e c t o r t r e a t m e n t
The potential energy of a crystal is expressed in the usual treatm ent by the sum of elastic and magnetic terms. In what follows only magnetic effects will be con sidered and the elastic energy terms will be neglected. Further, it will be assumed th at the crystal is completely homogeneous and th a t its temperature is constant. Since the crystal is being treated here as uniformly magnetized as a single unit, the state of minimum free energy reduces effectively to the state of minimum potential energy. Hence if the crystal is subjected to a magnetic field, the resulting mag netization is found from the assumption th at in equilibrium the potential energy becomes an absolute minimum.
Consider a cubic crystal and let the axes of reference (i,j,k ) be along the cube edges. Suppose the crystal to be magnetized with uniform intensity I0, the direction cosines of I0 being (a, b, c) . The energy per unit volume of the crystal as far as terms involving the fourth power of the direction cosines reduces, owing to the symmetry of a cubic crystal (Stoner 1934) , to
where H is the true field strength, i.e. the field corrected for demagnetization, a -cos Z.(I0, i)etc. and ^= Z .( I 0H).
Equation (1) is derived under the assumption th at the magnetic energy consists of internal energy independent of H plus the energy of a dipole -I0H cos ft. The expression used is in sufficiently close agreement with experiment for the present purpose, but it should be noted th at K , the anisotropy constant, depends on tem perature, and appears to increase slightly with H (Bitter 1937). The internal-energy term is the lowest order term which is relevant in the expression for the ' anisotropy ' energy, whose form may be determined purely from symmetry considerations, but not the values of the coefficients, which must be determined from experiment. For iron at room temperature K -4 x 105 erg/cm.3 and / 0== 1720e.m.u.
The theory assumes th a t I0 is a vector of constant magnitude which is supposed to exist already in an infinitesimal field, and th a t in a field of given strength and direction I0 turns into the direction for which the value of is a minimum. For some inclinations of H where there are two or more equal minima of E, the vector may be split into equal components along the several directions. Physically this means th at equal volumes of domains are magnetized along these directions. In sufficiently strong fields one minimum coinciding with the field predominates.
Using these ideas Akulov (1929 Akulov ( , 1931 The normal component In can be computed as follows. From (1), changing to polar co-ordinates as shown in figure 1 ,.
It will be shown that the normal component with the field vector in the (100) plane behaves anomalously, a fact which has hitherto escaped attention. For the field in the (110) and (H I) planes the normal component is calculated systematically for the first time and similar anomalies are again found. These peculiarities occur, of course, in medium fields only, and it is not certain whether their existence can be confirmed by future experiments because they lie in the range where the single vector treatm ent begins to fail.
(a)
The (100) plane Let H be in a (100) plane at an angle a with k. From the symmetry it follows th at the absolute minimum of E must also lie in the (100) sin
Ad2hs in (a -*• 6).
This equation solved graphically gives all the maxima and minima, and it is neces sary to select the absolute minimum by drawing curves of E against 6. For con venience to avoid negative values the quantity 11 + has been used. In figure 2 curves for a = 20° and h = 0, 0-25, 1*25 and oo are given which show how distribution of the crystalline forces is gradually distorted by an applied field. As the field increases the original energy distribution, symmetrical with respect to the three axes, is gradually changed into a distribution symmetrical about the field direction. The energy perpendicular to the field is of course unchanged, and hence the curves intersect at d = 110° and 290°. In sufficiently large fields t forces are no longer important, and the polar diagram of the energy distribution tends towards the circle 11 + E /K /8 --which be radius a t h = o o. The value of 6 for which E has its lowest minimum value will be denoted by 6'. Figure 3 shows curves of 0' against h for different values of a as parameter. In the range a = 0 to 45° 6' increases from zero at = 0 asymptotically to 6' = a at h -oo, except for a = 45°. This is in accordance with the fact that in an infinitesimal field I0 is along k and tends to turn gradually into the direction of H as it increases. In the range a = 45-90° the curves are symmetrical with respect to the fine a = 45°.
Transverse magnetization in ferromagnetic crystals
With these values of O' the relative value of the normal component given by = y = s in ( a -0 ') i 0 may be calculated. In figure 4 , in is plotted as a function of a for h between 0 and 5. For small values of h the curve approximates to part of a sine curve with dis continuities and the maximum value of in a t a -45°, 135°, etc. When h is increased the maxima become smaller and shift towards a 22*5°, 67*5°, etc., and the dis continuity eventually disappears. There are two critical values of h, namely, the value a t which the maximum of in begins to move away from a = 45°, and the value at which discontinuities disappear from the curve. These field strengths have been calculated to be h -1-307 and h = 2-0 respectively. According to (5), for h -1 is equivalent to a field strength of about 230 oersteds. Though, as will be seen later, this theory fails altogether in weak fields it is still uncertain, owing to factors discussed in § 3, at what h the deviations begin to be appreciable and how far the above results are in agreement with the facts.
Another way of representing the results of this treatm ent is to eliminate a between (6) and (7),
Honda & Okubo (1916) have first examined (8), and later Gans (1933) and others have used some experimental values of Honda & Kaya (1926) to test this result for large values of H and found it confirmed. 471 Transverse magnetization in ferromagnetic crystals (6) The (110) plane Now suppose th a t H is confined to a (110) plane as shown in figure 5. When a = 0 the lowest minimum of E is clearly in the k direction, and as a is i 54-7° the minimum lies in the (110) plane between k and H directions. When H is along the trigonal axis (a = 54-7°) it follows from symmetry th at there are three minima of equal depth. When a > 54-7° the two minima near to the i and j axes are deeper and the vector of magnetization is split into two components | I 0 (figure 5, dash-dotted) along the directions of these two minima; this splitting is peculiar to H being exactly in the (110) Figure 8 shows in plotted against y for different values of h. The angular position of H has been expressed by the angle y because this, and not the angle a, is readily measured experimentally, and because besides a another angle would have to be introduced to define the direction of H relative to the three axes.
In figure 8 a certain number of points at y = 0°, 30°, etc., are identical with corre sponding ones on the (100) and (110) curves; e.g. the direction y = 0 is identical with a -35-3° in a (110) plane. As before discontinuities occur, at 30° and 60°, which disappear in large fields.
I t should be noted th at in as given by (17) is not in general in the (111) plane, and th at in some experiments the measured quantity is the component of this vector in the plane. This explains why the 120° periodicity of figure 8 differs from the 60° periodicity measured by Honda & K aya (1926) . 
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Statistical treatm ent of domain effec t s
In figure 9 observations of the relative transverse magnetization in single iron crystals by Honda & Kaya (1926) and Webster (1925) are plotted as a function of the relative field strength for an angle a = 40°. The same figure contains the curve derived from (8). The observations show th a t in strong fields in is small and increases as h decreases up to a maximum, after which it decreases and appears to tend towards zero as h approaches zero. The theoretical curve agrees closely with observa tions in strong fields, i.e. h > 10 or H >2000 it diverges increasingly from the experimental curve and reaches a maximum value 0*64 at h -0. Although doubt has been expressed as to the interpretation of Honda's measurements, a point which will be enlarged upon in § 4, corrections do not seem to change the trend of this curve, and the marked divergence between theory and experiment remains. Similar divergencies are found in general for other orientations of the field.
There have been few attem pts to explain this difficulty, the most noteworthy being th at of Bozorth (1932) . Using a method similar to th a t in Heisenberg's cal culation of magnetostriction, Bozorth assumes th at a t zero field strength | of all the domains, supposed of constant volume and variable in number, assemble along the six easy directions and in a finite field a redistribution along the six directions takes place so th a t the most probable distribution producing a given -Ip/I0 is achieved. This is in contradistinction to the single-vector treatm ent of § 2 ,according to which in a field all the domains are in general alined along the easy direction nearest to the field direction. Bozorth points out th a t his method allows calculation of in,not as a function of the field strength, but as a function of ip only. I t is possible to derive from Bozorth's paper the relation between and which is shown in figure 10 again for a = 40° together with Honda's observations. There is clearly a considerable difference between Bozorth's treatm ent and the uncorrected measure ments. Figure 10 also contains the observations as corrected by Bozorth by a method which will be discussed in § 4. This improves the agreement although characteristic deviations remain. One of the weaknesses of this treatment is that it only refers to translational processes and hence, as may be seen from Bozorth's distribution curves, is intrinsic ally limited in scope to intensities of magnetization up to about 1100-1300e.m.u., depending on the direction, and actually begins to fail a t lower intensities.
Transverse magnetization in ferromagnetic crystals
Thus a gap remains between the completion of the translational processes and the region of the single-vector treatment which Bozorth assumes to become effective for larger values of ip. It is noteworthy that for ip <0-6 the observed values of in and hence the corrected values are zero, while the theoretical curve approaches zero slowly as ip becomes zero. One of the requirements of a new treatment is that it should give the dependence I -f{H) without a break over the whole range of H.
The idea of an angular distribution of the directions of magnetization of domains in place of a concentration in the direction corresponding to minimum potential energy seems to be one which will explain the decrease of in with decreasing field Vol. 188. A. 31 strength in weak fields. On the other hand, a new treatm ent should include the single-vector treatm ent which is amply supported by experiment.
I t is therefore proposed, th at instead of a concentration of domains in the direction of the minimum crystalline energy or an axial distribution of domains of constant volume and variable in number, to choose a distribution of the form dv0 = C exp ( -(19) where dve is the volume of domains in a solid angle doj orientated in a direction 6, E is the energy of unit volume of the crystal when magnetized in d, ^-direction (see figure 1) , and E0 is a constant reference energy, the significance of which will be discussed below. 
Comparison between single-vector treatm ent--------, Bozorth's treatm ent------and the cor rected -------and uncorrected -O -observations by Honda & Kava (1926).
In figure 11 is shown a section through this distribution in a (100) plane for an unmagnetized crystal between 6 = ± 45° for = A/8, f th at for this value of E0 there is still a certain volume of domains at angles up to 45° with easy directions. For example, the volume of domains per unit solid angle at 45° is 13-5 % of that at 0°-the easy direction. In the new treatm ent in an un magnetized crystal the axes are merely directions of greatest probability for domains and the application of a field shifts the direction of greatest probability towards the field. 
31-2
rather large the distribution is as indicated in figure 12e , and if small as in figure 12/. It is to be understood th at the total volume of domains represented by any of the diagrams of figure 12 is the same. As K->co, or narrower and tends in the limit to the axial assemblage of the old theory. If, on the other hand, 0 or E0-+cc, the substance loses its crystalline properties and the distribution is isotropic. I t will be convenient to consider the consequences of (19), treated as a purely formal hypothesis, before considering the problem of its physical interpretation. I t is possible by using (19) to calculate and for any direction of the field strength in the crystal, but the integrals become rather cumbersome. From (19) and the definition of Ip given in § 1 the value of ip is found to be 1p j. Jcos \jfdv6 Jcos ^e x p ( -
where E is the energy given by (3) in a general direction which makes an angle \]r with the field and do) is an elementary solid angle around th at direction. The value of in is given by
The form of f{0,(f)) depends on the direction of H in the crystal. If, for example, H is confined to a (100) plane, $) -cos 6s in a -sin 6 cos 0 cos a.
To avoid evaluating these integrals the following approximate method was devised: instead of distributing the domains with a probability given by (19) over the whole solid angle, the simplifying assumption has been made th at the domains are assembled in the directions of different energy minima according to the relative values of their potential energies. Thus in weak fields there are six nearly equal minima of energy, representing directions in which the total volume of domains is likely to distribute in nearly equal parts. When the field is increased (see figure 2) it has been shown th at the minima nearer to the field become lower and the others higher; a t the same time the angular position of the minima is so changed th at the minima next to the field shift towards it. According to this view more domain volume is assembled in the deeper minima at the cost of the higher ones which finally become ineffective. Hence in stronger fields only a smaller number of minima need be considered in an approximate calculation. In sufficiently strong fields only one minimum remains, and thus the treatm ent goes over into the single-vector treatment.
The changes described above affect in in the fallowing manner: in weak fields the distribution remains almost symmetrical with respect to H, and hence the transverse magnetization is very small. This result is contrary to th at predicted by the single vector treatm ent but agrees with experiments. The redistribution of domains produces an asymmetry and a resultant transverse component unless the field is applied in certain specific directions. In very strong fields a new symmetry is achieved accompanied by a decrease of in.
4. Comparison of theo ry and e x pe r im e n t Some results have been worked out in accordance with these principles. Pre liminary trials showed the order of magnitude of required by the experimental results. For convenience, in the detailed calculations, the first value chosen for E0 was K j 8. In figure 13 the transverse component is plotted first of all as a function of i p for cl = 20°, and the (100) included. I t would clearly be possible, by using a revised value of E0, to obtain closer agreement with the experiment, but owing to the rather large uncertainties in connexion with the experimental results, as well as the difficulties in connexion with the physical significance of E0, to be discussed in the next section, it was felt th a t more extensive detailed calculations would not a t the present stage be helpful. Similar results have been obtained for other values of a. I t may be remarked th a t the position of the theoretical maximum of in is, in all cases investigated, close to the observed maximum and th at in is negligibly small for Ip < 900e.m.u.
In figure 14 the same comparison is made for the (110) plane except th at the calculation refers to cl -45°, whereas the only observations available are for a = 40°. Treating E0 as a parameter to be determined from the experimental results, it is not possible to determine the value with precision. I t may, however, be said th a t the experimental results which have been considered indicate a value of E0 lying between the limits K /8 and ^X/8, demagnetization being allowed for (see below). This is shown by using the corrected values of in (figure 16) in figure 13 , where in is plotted against ip for different values of E0 between zero and infinity.
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The true field in all known cases is derived from the applied field by subtracting a quantity for demagnetization. In moderate fields this quantity is of the same order as the applied field so th at a large error may be involved. As the vector of demagnetization is parallel to I0 which is in general not parallel to H, the direction of the true field is different from th at of the applied field. Figure 15 shows how demagnetization can be allowed for. H a is the applied field and I'p and Vn the observed parallel and transverse components of magnetization. These give rise to the demagnetization components D\'p, DI'n, from which the magnitude and direc tion of the resulting field is found. The components of I0along and perpendicular to H are given by Ip = rp cos8-r n s m d , (23)
where 8 is the angle between H and Ha. The magnitude and direction of H are given by By use of these equations the observations by Honda & Kaya have been corrected and the results are plotted in figure 16 . D in (25) was of order 0-2. Clearly, as in the observations the applied field was kept constant, a complete set of curves for definite values of H can only be obtained approximately by interpolation. The general character of the curves is not affected by the correction, but the maximum values of in are perhaps three times as large. A great many points are found lying near a = 45° where the expected intensity would be negligibly small, and this seems to indicate some error in angular measurements. Figure 16 shows that an angular error up to 5° in a might be involved which might have been due to inaccurate location of the crystal axis or to error in the coefficient of demagnetization; the latter can vary if the magnetization is non-uniform. Broadly speaking, if allowance for this error is made, the final values of in are all smaller in magnitude, i.e. the original correction has been exaggerated. Honda & Kaya (1926) corrected the magnitude of H but did not allow for angular changes. Webster (1925) mentioned all the required corrections but did not apply them. Only Bozorth (1932) corrected for both factors but did not mention the above discrepancy.
Bozorth also suggests that errors may have been introduced into Honda & K aya's experiments by turning of the specimen resulting in rotational hysteresis. This effect has been observed by von Harlem (1932) in experiments on polycrystalline specimens. Rotation of the specimen causes angular displacement of the magnetization vector in th e direction of rotation which is independent of the speed of rotation and depends on H in such a way th at it becomes zero for small and large H. This effect, however, seems to be closely related to normal hysteresis. Since in single crystals normal hysteresis is in general negligibly small (Honda & K aya 1926) , it is not to be ex pected th at rotational hysteresis plays an appreciable part.
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D iscussion
It is necessary to discuss the choice of the energy distribution parameter, an increasing value of which broadens the distribution of directions of domains.
The assumption of a distribution though it is formally identical with the Boltz mann distribution corresponding to (19) does not imply th at the energy of dis tribution is of thermal origin, i.e. of the order kT/v, where v is the average volume of a domain; in fact E0 has to be taken much larger than the thermal energy by a factor 108, perhaps, if the distribution is to explain the observations. Putting E0 = K /S = 5 x 104 ergs/c.c. with T = 300° K, Jc = 1-37 x 10~16 erg/°K, the corre sponding value of v is about 10~18 c.c., a volume corresponding to about 8 x 104 atoms for iron. This is much smaller than the sizes usually attributed, with good experimental backing, to domains, namely, 1010-1015 atoms or volumes roughly from 10~13-10~8 c.c. from which it can be concluded that the temperature, i.e. the energy of agitation in the classical sense, has no direct bearing on the problem apart from the effects which occur near the Curie point.
Though there is a t present no definite answer to the physical meaning of E0, one possible explanation is that it is related to the existence of lattice imperfections and associated stresses which have the required disorganizing influence on the regularity with which the directions of magnetization are distributed throughout the domains. These imperfections are known to depend to a large extent on the method of growing the single crystals, and it is uncertain whether they can be avoided at all. The perfection of a single crystal is also hampered by impurities which cause stresses during its growth, and dissolved gases have a similar effect.
Most of the relevant magnetic measurements on single iron crystals have been carried out a t a time when secondary structures have not been known. However, monocrystalline specimens consist usually of a mosaic of small crystalline blocks (W. H. & W. L. Bragg 1933) which are inclined at small angles to each other. These angles are probably of the order of 1 min. as found by X-ray measurements. The mosaic structure plays an important part in the theory of plastic deformation of crystals (Taylor 1934) . In this theory a length is defined which represents 'the distance through which a dislocation can travel freely along a slip-plane before being held up by some fault in the perfection of the regular crystal structure '. It represents therefore a linear dimension of a cell of a mosaic. The length of a side of such a mosaic has been derived from plastic stress-strain curves. I t amounts for iron crystals to 1*7 x 10 '4 cm. On the other hand, Belaiew (1925) by etching iron crystals observed a spacing of surface marks to be 0-25 x 10~4 cm. With these values we have mosaic volumes of 5 x 10~12 and 1-6 x 10~14 c.c. This compares favourably with the observed volume of a domain of 10~8-10-13 c.c.
From the observed mean deviation of 1 min. between the axes of the mosaic block and the axis of a single crystal an estimate of the energy has been made (cf. Schmid & Boas 1935) which is necessary to produce plastic deformations and hence to release the internal stress. This leads to a value of 104 ergs/c.c., which is of the same order as the value of E0 required by experiments. This, of course, may only be a coincidence.
Thus it appears as if the blocks of the mosaic could be identified with the magnetic domains. One objection is that according to our assumption (see figure 11 ) an appreciable number of domains is expected to be assembled in a direction of 45° inclined against the axis, whereas only 1 min. deviations are observed with X-rays. However, it has to be borne in mind that the X-ray measurements refer to reflexions
